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1. In the diagram below, ABC—DEF is a right triangular prism with | AD | =2. ABC is an equilateral
triangle with side length 1. Let M be the midpoint of AB, N be the point on AE such that MN |
AE.

(a) Show that CM L AE. (4 marks)
(b) Show that AAMN and AAEB are similar. Hence find | MIN |. (5 marks)
(c) Find the volume of the triangular pyramid C—AMN. (5 marks)

(d) Find the angle between the plane ACE and the plane ABE. Give your answer in terms of arctan.

(6 marks)
abob
2. (a) Factorize the determinant|b a b|. (6 marks)
b ba
(b) Let a be a real number. Given the system of equations in unknowns x, y, z: (8 marks)
ax+ y+ z=1
(E) X+ay+ z=a
X+ y+az=a’
Find the value of a such that the system of equations (E)
(i) bhas a unique solution;
(i) bhas infinitely many solutions;
(iii) has no solutions.
(c) Suppose a=2. Solve the system of equations (E). (6 marks)



3. (a) Aright circular cylinder has base radius x (>0) and volume 54 . Let S(x) be the surface area
(including the two bases) of the cylinder.

(i) Show that S(x) = ZE(XZ +5—)f'j (3 marks)

.. . 2
(ii) Find g—)s( and ?iTg (2 marks)

(iii) Sketch the curve y =S(x). Mark in the graph (if any) the local maximum point, local
minimum point, and inflection point. (6 marks)

(iv) If 1<x<6, find the maximum value of S(x). (1 mark)

(b) Find the area of the region bounded by the curve y=5—x2 and the line y=x—1. (8 marks)

4. Given parabola P: y=4x2. Let A(a, 4a2) be a point on P, where a #0.
(a) If the straight line y=mx+c is tangent to P, show that m2+16¢c=0. Hence, or otherwise,
deduce that the slope of the tangent line of P at A is 8a. (6 marks)

(b) Suppose that the tangent line and normal line of P at A intersect the y-axis at points H and K

1

, 16 ) (7 marks)

respectively. Show that the mid-point of HK is F(O

(c) Let C be the circle centered at F and passing through A. Show that the angle between the
tangent line of P at A and the tangent line of Cat Ais tan~| 8a |. (7 marks)

5.(a) Let n be a positive integer and S,=x+2x2+...+nx", where x#1. By considering S,—xS,, show

= A 1-x (5 marks)

(b) Let {a,};, be a geometric progression with common ratio r>1, and suppose a:+a,+0a3=21

that 5, = X4=X) _

and a10,a:=216.

(i) Find the general term a, of the geometric progression. (6 marks)

(i) Usingthe resultin (a), find a*aj*---a™,n=1, 2, .... (9 marks)
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1. In the diagram below, ABC—DEF is a right triangular prism with | AD | =2. ABC is an equilateral
triangle with side length 1. Let M be the midpoint of AB, N be the point on AE such that MN L

AE.

(a) Show that CM L AE. (4 marks)
(b) Show that AAMN and AAEB are similar. Hence find | MIN |. (5 marks)
(c) Find the volume of the triangular pyramid C—AMN. (5 marks)

(d) Find the angle between the plane ACE and the plane ABE. Give your answer in terms of arctan.
(6 marks)

Ans.: (a) AABC is equilateral and M is the mid-point of AB imply CM 1 AB. Together with the fact that
ABC 1. ABED, we have CM L ABED. Hence CM L AE.

(b) LMAN is a common angle, and ZABE and ZANM are right angles. Hence AAMN and AAEB

- . | BE| 2 1 1
are similar. .". | MIN | =AE|" | AM | =525

V3 1 43

1 1
(c) *." CM is the height of the pyramid, .". the required vqumezg- 7 2 /5 25 —120°

[EnN

: . . V3 1 V15
(d) Firstly, prove that CN_LAE. .". the required angle=LCNM=tan—1( 2 /f)ztan-1 7 -
abb
2. (a) Factorize the determinant|b a b|. (6 marks)
b ba
(b) Let a be a real number. Given the system of equations in unknowns x, y, z: (8 marks)
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ax+ y+ z=1
(E) X+ay+ z=a
X+ y+az=a’

Find the value of a such that the system of equations (E)
(i) bhas a unique solution;
(i) has infinitely many solutions;
(iii) has no solutions.
(c) Suppose a=2. Solve the system of equations (E). (6 marks)
Ans.: (a) Using row and column operations, we get

a b billa 20 b

abwb a 2
b a bj=|b a b |[=lb a+b b =(c/—b)b a+b
b b a |0 b-a a-bl |0 0 a-b

_ya-b b-a PR D A PSR

all
(b) The coefficient matrix of (E)is|1 a 1].
11 a

By (a), its determinant D is given by D=(a—1)?(a+2).

(i) fa#1anda=#-2,then D=0. In this case, (E) has a unique solution.

(ii) If a=1, the three equations in (E) are identical, and hence it has infinitely many solutions.
(iii) If a=—-2, the three equations in (E) add up to 0=3. This means that (E) has no solutions.

(c) When a=2, (E) becomes

2X+ y+ z=1 ----- 1)
(E) X+2y+ 2=2 ----- (2)
X+ y+2z=4 ----- 3)

3x(3)=(1)=(2) = 42=9 = 2= (2)—(3) = y=2-2=7 (1)=(2) = x=y—-1=.

17



3. (a) Aright circular cylinder has base radius x (>0) and volume 54 7. Let S(x) be the surface area
(including the two bases) of the cylinder.

(i) Show that S(x) = ZE(XZ +5—;'j (3 marks)
(ii) Find dx and e (2 marks)

(iii) Sketch the curve y =S(x). Mark in the graph (if any) the local maximum point, local
minimum point, and inflection point. (6 marks)

(iv) If 1<x<6, find the maximum value of S(x). (1 mark)
(b) Find the area of the region bounded by the curve y=5—x2 and the line y=x—1. (8 marks)

Ans.: (a) (i) Let h be the height of the cylinder. In terms of x and h, the volume V and surface area S
of the cylinder are given by V=7zx2h and S=27zx2+2 zxh.

. 54 54 , 54
From the given, 54 7= 7x2h = xh=7. S(x)=27zx2+27r-7= 27| X +7 .

(i) " S)=20a+54x1), . 85 = 27(2x—54x7)= drlx—27x ?)= 4z X521

S = 4rfi+5ax )= 4 K31,

(iii) From (ii), we see that S'(x)<0 on (0, 3), and v
S'(x)>0 on (3, +). .". S(x) is decreasing on
(0, 3), and increasing on (3, +). This
implies that the curve has a local minimum
point at x=3, and it has no local maximum
point ("." S(x) — +oo0 as x = 0 or +©).

We see from (ii) also that S"(x) >0 on (O,
+00). This, implies that the curve is concave

local minimum

up throughout (0, +), and hence it has no
inflection point. 5 a2 6 8 1 1

The curve y=S(x) is sketched on the right.

(iv) Since S(1)=1107x and S(6)=907, we conclude from the graph of y=S(x) that 1107 is the
maximum value of S(x) on [1, 6].

18



(b) Solving the equations y=5—x2 and y=x—1 simultaneously, we
know that the line intersects the parabola at A(—3,—4) and B(2,
1).

@™

.. The required area= Ji((S— x2)—(x —1))dx

=[Z(6—x—x2)dx

eyt _x]°
-lo% %],

4. Given parabola P: y=4x2. Let A(a, 4a2) be a point on P, where a #0.
(a) If the straight line y=mx+c is tangent to P, show that m2+16¢c=0. Hence, or otherwise,
deduce that the slope of the tangent line of P at A is 8a. (6 marks)

(b) Suppose that the tangent line and normal line of P at A intersect the y-axis at points H and K

respectively. Show that the mid-point of HK is F(O, 1—16 . (7 marks)

(c) Let C be the circle centered at F and passing through A. Show that the angle between the
tangent line of P at A and the tangent line of Cat Ais tan~1| 8a |. (7 marks)

Ans.: (a) The line y=mx+c is tangent to P at A if and only if the discriminant of 4x2—mx—c=0is 0.
Thatis, (-m)*—4-4(-c)=0 < m2+16c=0.

Let L: y=mx+c be a tangent to P at A. Then m is the required slope and 16c=—m?2. Since L
passes through A, we have 4a2=ma+c. .". 64a2=16ma+16¢c < (m—8a)*=0 < m=28a.

(b) From (a), H is the point (0, c), where c=—im2=—4a2.

16
d-4a2 -1
Let K be the point (0, d). Since KA is normal to P at A, its slope is —1/(8a). .". 0—aq ~8a = d
_agzaL
=4a2+ X
. . . . .1 1 1 . . . 1
.". The y-coordinate of the mid-point F is 7(—4al+4az+§)= 16’ I-€. Fis the point (O, 2l
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(c) Method 1

Slope of the tangent of P at A is mi=8a, and slope of the

y=4x
tangent of Cat A is my= 16a > . The angle between the
1-64a
. . -1 ml_mz . .o pe .

two lines is tan™|———=|. Upon simplification, the result —_lk

1+mm, A

C

follows. o

Method 2

Since P is symmetrical about the y-axis, we may assume,
without loss of generality, that a>0 (see the right picture).

Observe that the required angle is the same as the angle
between the normal of P at A (i.e. KA) and the normal of
CatA (i.e. FA). Thus it is the same as to find the angle 6.

Let o, B, ¥ be the angles as shown in the picture, where yis the angle between L and the
tangent line of C at H.

Since the y-coordinate of A is 4a2 and the y-coordinate of H is —4a?, G is the mid-point of HA.
From this and the fact that F is the mid-point of HK, we infer that FG_L HA. It follows that FA
=FH = a=p.

. 0=90°— a=90°— =y = tanHO=tany=slope of L=8a = H=tan1(8a).
In the above argument, if a<0, we may replace a by —a.

Summing up, the required angle is tan-1| 8a |.
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5. (a) Let n be a positive integer and S,=x+2x2+...+nx", where x#1. By considering S, —xS,, show

X(L—x") n+l
that Sn = W— T)i X" (5 markS)

(b) Let {a,};, be a geometric progression with common ratio r>1, and suppose a:+0a,+0a3=21

and a10,a:=216.

(i) Find the general term a, of the geometric progression. (6 marks)
(i) Usingthe resultin (a), find a*aj?---a™,n=1, 2, .... (9 marks)
(1_ Xn) n+1
Ans.: (@) Sp—XSn=X+2X2+ - +NX"—X2—=2X3 — e —NXTLI=X+ X2+ o+ X1 —NX"H = Xy X

_X@=x") _ nx"t
" o@l-x)? 1-x-

(b) (i) Let a denote the first term of the geometric progression. Then a,=ar1.

The two given equations can be simplified as a+ar+ar2=21 and ar=6. Solving these two

equations, we obtain r=2 and a=3. .". g,=3-2""1.
(ii) Firstly note that % = 3% . 282"

Secondly, by setting x=2 in (a), we have 2+2:22+...+n-2"=(n—1)-2"'+ 2 for all positive
integers n.

aflazaz . .anaﬂ — 33(1+2+---+2“*1) .23(2+2»22+---+(n—1)-2“’1) — 272"—1 .8(n—2)»2”+2 )
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